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Abstract 

We study the renormalization of the staggered magnetization of a two- 
dimensional antiferromagnet as a function of hole doping, in the frame- 
work of the t- J model. It is shown that the motion of holes generates decay 
of spin waves into "particle-hole" pairs, which causes the destruction of 
the long-range magnetic order at a small hole concentration. This effect is 
mainly determined by the coherent motion of holes. The value obtained 
for the critical hole concentration, of a few percent, is consistent with 
experimental data for the doped copper oxide high-T c superconductors. 
PACS: 74. 25. Ha, 75.40. Cx, 75.50.Ep 
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One of the interesting features of the copper oxide high-T c superconductors 
is the dramatic reduction, with doping, of the long-range magnetic order of 
their parent compounds. 1 The undoped materials, e.g. LC12CUO4, are antifcrro- 
magnetic (AF) insulators. Doping, e.g., in La 2 ^sSrsCuOi, introduces holes in 
the spin lattice of the CuOi planes, and the long-range AF order is destroyed 
at a small hole concentration, S c <~ 0.02. The CuOi planes are described by 
a spin-1/2 Heisenberg antifcrromagnet on a square lattice, with moving holes 
that strongly interact with the spin array. The motion of holes generates spin 
fluctuations that tend to disrupt the AF order. It has been shown that hole 
motion produces strong effects on the magnetic properties, leading in particular 
to significant softening and damping of the spin excitations as a function of 
doping. 2-5 The critical concentration S c where long-range magnetic order dis- 
appears has often been identified with the concentration where the spin wave 
velocity vanishes. However important damping effects occur, which have to 
be taken into account. In particular, all spin waves become overdamped at a 
concentration well below the one for which the spin wave velocity vanishes, sug- 
gesting that the long-range AF order may disappear at a smaller concentration. 5 
The critical hole concentration 5 C is provided by the vanishing of the staggered 
magnetization order parameter. 

In this work we use the t- J model to calculate the doping dependence of the 
staggered magnetization of a two-dimensional antifcrromagnet, and determine 
the critical hole concentration S c . It is shown that the motion of holes generates 
decay of spin waves into " particle- hole" pairs, leading to broadening of the spin- 
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wave spectral function. This broadening gives rise to a drastic reduction of the 
staggered magnetization and the disappearance of the long-range order at low 
doping, in agreement with experiments. Such a process was suggested some 
years ago by Ramakrishnan. 6 The vanishing of the staggered magnetization as 
a consequence of doping, has already been studied in the t- J model by Gan and 
Mila, 7 considering the scattering of spins by moving holes, and by Khaliullin 
and Horsch, 8 considering spin disorder introduced by the incoherent motion of 
holes. 

We describe the copper oxide planes with the t-J model, 

<i,j>,a <i,j> 

where, Si = \c\ a a a (iCif3 is the electronic spin operator, a are the Pauli ma- 
trices, rii = m\ + mi and n ia = c^ ia c ia . To enforce no double occupancy of 
sites, we use the slave-fermion Schwingcr Boson representation for the elec- 
tron operators Ci a = f}h a , where the slave-fermion operator // creates a hole 
and the boson operator bio- accounts for the spin, subject to the local con- 
straint fjfi + J2 a kinkier = 25. For zero doping, the model (1) reduces to a 
spin-1/2 Hcisenberg antiferromagnet, exhibiting long-range Neel order at zero 
temperature. The Neel state is represented by a condensate of Bose fields 
6j| = V2S and bji = V2S, respectively in the up and down sub-lattices, and 
the bosons 6^ = bi and bj-\ = bj are then spin-wave operators on the Neel 
background. After Bogoliubov-Valatin transformation on the boson Fourier 
transform 6 k = u k /3^ k + u k /3 k , with u k = [((1 - 7 k )~ 1/2 + l) /2] 1/2 , v k = 
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— sgn(7k) [((1 — 7k) -1 ^ 2 — l) /2] , and 7k = ^ (cosfc-E + cosk y ), we arrive at 
the effective Hamiltonian 




having S = 1/2 and TV sites in each sub-lattice. In (2), the first term, with 
V(q, k) = zt (7 q Uk + 7 q +k^k), represents the interaction between holes and spin 
waves resulting from the motion of holes with emission and absorption of spin 
waves, and the second term describes spin waves for a pure antiferromagnct, with 

1 /2 

dispersion uj^. — (z J/2) (l — 7^) , z being the lattice coordination number 
(z = 4). 

The staggered magnetization is given by 

M =< 5f > - < Sf >= 2 < Sf >, (3) 

with 

<5f>= Yl <S i>' 

*£S(T) 

where the sum is over the up sub-lattice. Using the Schwinger boson represen- 
tation for the spin operator Sf — \{c\^c^ — cj^c^), and the boson condensation 
associated to the Necl state, one has 5? = (1 - h\hi){S - b\h), which, after 
Bogoliubov-Valatin transformation, leads to 

M = (1 - 8) [M - AM] , (4) 
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where 



M = 2 



ns-y: 



k 



(5) 



is the staggered magnetization for a pure antiferromagnet, and 



am = 2^r[(^+^ )</3 i k/3 _ k> 

k 

+u k v k (< /? k /3_ k > + < /?i k 4 >)] . (6) 



The prefactor in (4) accounts for the spin dilution due to doping, being negli- 
gible for small hole concentrations. In (5), the order parameter is considerably 
reduced by quantum fluctuations, to ~ 0.6 x 2NS. With zero doping the ex- 
pectation values in (6) vanish and AM = 0. However, in a doped system the 
motion of holes generates spin fluctuations, giving rise to nonzero expectation 
values in (6), even at zero temperature, and then AM ^ 0. 

In order to calculate the staggered magnetization for the doped system, we 
need the spin-wave Green's functions, defined as D h (k, t—t') = —i (j '/3 k (t)/? k (t') 
D+-(k,t-f) = -i(T/?l k (i)/3_ k (t')), D— (k,t-f) = -i(T/? k (*)/?_ k (t')>, 
D ++ (k, t — t') = — i ^T/?l k (i)/3 k (f')^, where ( ) represents an average over 
the ground state. The spin-wave Green's functions satisfy the Dyson equations: 
D»"(k,u) = Dff"(k,w) + E 7 5-Do 7 (k,^)n^(k,^)^(k,^), where n,v = ±. 
The free Green's functions are Do~ + (k, w) = l/(w — w k + ir/), Dq~()z,uj) = 
l/(-cu -ul + iri), D Q -(k,u) = D+ + (k,ui) = 0, (r] -» 0+), and rF 5 (k,u;) are 
the self-energies generated by the interaction between holes and spin waves. We 
calculate the spin-wave self-energies in the self-consistent Born approximation 
(SCBA), which corresponds to consider only "bubble" diagrams with dressed 



hole propagators, as illustrated in Figure 1. These diagrams describe decay of 
spin waves into " particle- hole" pairs. The spin- wave self-energies can then be 
written in terms of the hole spectral function, p(q,u>), as 



IF 5 (k, w) = - £ U^ 6 (K q) [^(q, -k; w) + K(q - k, k; -u>)] , (7) 



and, U— (k,q) = (7++(k,q) = K(q, -k)V(q - k,k), E7+-(k,q) = V(q - 
k,k) 2 , C/-+(k,q) = y(q,-k) 2 . The relations n-+(k,w) = n+-(-k,-w) and 
II __ (k, ui) = n ++ (k, u) are verified, the last implying D~~(k, uu) = D ++ (k, uo). 
The SCBA provides a spectral function for the holes, 9-15 that is composed of a 
coherent quasi-particle peak and an incoherent continuum, taking the approx- 
imate forms, respectively, p coh (q, uj) = ao<5(o> — e q ) with ao — (J/i) 2 ^ 3 , and 
p mcoh (q,uj) = h9(\uj\ - zJ/2)6{2zt + zJ/2 - |w|) with h ~ (1 - a Q ) /2zt, the 
energies are measured with respect to the Fermi level, and the quasi-holes fill 
up a Fermi surface consisting of pockets, of approximate radius qp = VttS , 
located at momenta q^ = (±7r/2, ±7r/2) in the Brillouin zone, the quasi-particle 
dispersion being, near q^, written as e q = e m in + (q — qi) 2 /2m, with an ef- 
fective mass m ~ 1/J. The self-energies will then present three contributions, 



IF 5 (k,w) = Ujf c (k,cu) +n^ c (k,w) +Ill s lc (k,uj), corresponding, respectively, 



to transitions of holes within the coherent band, between the coherent and inco- 
herent bands, and within the incoherent band. We have calculated the different 
contributions to lowest order in the hole concentration 5. 



q 



with 




G 



The change in the staggered magnetization induced by the interaction be- 
tween holes and spin waves (6), is written in terms of the spin- wave Green's 
functions, as 



AM 



- 7k Im (D++(k, w) + D (k, w))] 



(8) 



To lowest order in the hole concentration S, (8) gives 



AM 



y 2 — 



-/2 



^ReH— (k,w£) 



/Imn-+(k,o;) Iml[— (k,w) 

/n Vl, + +7k ^ 2 -K) 2 



(9) 



Evaluating (9), one finds that the behavior of the staggered magnetization is 
essentially determined by the coherent motion of holes, and moreover, that it is 
governed by the imaginary part of the self-energies, i.e., the contributions 



ImII c ±(k,w) = zjV5al( — 



Vl-* 2 (ff)0(l - \s(g)\) Vl-* 2 (-#(l - \s(-g)\) 



with 



F (k,w) = [cos(fc x c/) + cos(fej,5)] - 7k [cos k x cos(k x g) + cos k y cos(k y g)} , 



F + (k, u) = [(cos fca; — cos ky) (cos(gk x ) — cos(gk y )) /2 

-(1 -7k) 1/2 (sinfe sin(#fc x ) + sin & y sin^)) - 2(1 - 7 £) 



where s(g) = (1 — g)k/2qp and g = 2ui/Jk 2 , while 



Ren--(k )W °) = -*J<Sag 



7kfc 2 



(sin 2 k x + sin 2 k y ) 



J J 8(l- 7 2 -(fc/2)4) (l- 7 2 )i/2 
Regarding the incoherent contributions, 



ImH-^k^) + Imnr± (k, w ) - T ^(l - a ) 2 ^- 
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fc 3 , x . /r„±/, (sin 2 ^ + sin 2 



2v^(l-7^) 1/2 



6»(2g F -/c) + V5G ± (k) 



(l- 7 2)l/2 



9(k - 2q F ) 



with 



G-(k)= 7 k , G+(k) = l + (l- 7 £) 1/2 , 
h(u) = 6{u/AJ - 1)0(2*/ J + 1 - lo/AJ), 
h(u) = 6{u/AJ - 1 - 2t/J)6(At/J + 1 - u/AJ), 
I 3 (lu) = 9(2t/J + 1/2 - lu/4J)6(lu/4:J - 1/2), 

is one to two orders of magnitude smaller than ImII~;r(k, u), while 



Ren-r(k,o;0) + Rell:" ( k)W °) = - a ) ; 



i 1 
J4 



l n2+ -^ln(l + 44 

1 - ao V J 



1 fc 3 i \ n- (sin 2 k x + sin 2 fc„) „ , 



is of the same order of magnitude as ReII~~(k, w), though smaller. 

As a result, we find that the staggered magnetization (4), calculated with (9), 
is strongly reduced with doping, vanishing at a small hole concentration, as il- 
lustrated in Figure 2. The reduction of the staggered magnetization is generated 
by the imaginary part of the self-energies, Iml[ _± , which imply broadening of 



the spin-wave spectral function. The real part of the self-energy, Rell , gives 
rise to an increase of the staggered magnetization, which however is one order 
of magnitude smaller than the decrease due to the imaginary part of the self- 
energies. The increase of the staggered magnetization arising from the real part 
of the self-energy results from the coherent motion of holes, while the incoher- 
ent motion leads to a decrease, though with a smaller amplitude. We find a 
critical hole concentration that for t/J — 3 is S c ~ 0.07, whereas for t/J = 4 is 
S c ~ 0.05. The value for S c , of a few percent, is consistent with experimental 
data for the copper oxide high-T" c superconductors. The critical hole concen- 
tration S c is smaller than the hole concentration leading to the vanishing of 
the spin wave velocity (e.g., S sw ~ 0.23 for t/J = 3), or the concentration at 
which all spin waves become overdamped (5* ~ 0.17 also for t/J = 3), in the 
same approach. 5 This is because the staggered magnetization is specially influ- 
enced by the strong damping effects induced by hole motion. Khaliullin and 
Horsch 8 did not consider damping effects, and concluded that the long-range 
order disappears as a result of the incoherent motion of holes, however having 
estimated a decrease of the staggered magnetization due to the incoherent mo- 
tion of holes that is over one order of magnitude larger than the one calculated 
by us. Gan and Mila 7 studied the effects of damping on the staggered magne- 
tization, though considering the scattering of spins by holes, i.e. a four-particle 
interaction with " uncondensed" bosons. Our results, giving the vanishing of 
the magnetization for a hole concentration where the spin wave velocity is still 
finite, suggest that, even when long-range order has disappeared, strong AF cor- 



9 



relations persist, which allow spin wave excitations to exist, for length scales less 
than the magnetic correlation length. This is in fact experimentally observed. 1 

In conclusion, we have shown that the staggered magnetization of a two- 
dimensional antifcrromagnet is significantly reduced as a function of doping 
due to the strong interaction between holes and spin waves. The motion of 
holes generates decay of spin waves into "particle-hole" pairs, leading to the 
destruction of the long-range magnetic order at a small hole concentration. This 
effect is mainly determined by the coherent motion of holes. The calculated 
critical hole concentration is in agreement with experimental data for the doped 
copper oxide high-T c superconductors. 

We also note that NMR measurements, reported in Ref. 16, show damping of 
the low-energy spin excitations in the doped CuOi planes due to "particle-hole" 
excitations, which supports the mechanism for destruction of the long-range 
order presented in this work. 

We thank T. Imai for bringing Ref. 16 to our attention. 
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Figure Captions: 

FIG. 1. Spin- wave self-energies in the SCBA. 

FIG. 2. The staggered magnetization per spin vs hole concentration for different 
values of t/J. 
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